A well-known conjecture of Barnette states that every 3-connected cubic bipartite planar graph has a Hamiltonian cycle, which is equivalent to the statement that every 3-connected even plane triangulation admits a 2-tree coloring, meaning that the vertices of the graph have a 2-coloring such that each color class induces a tree. In this paper we present a new approach to Barnette's conjecture by using 2-tree coloring.
Introduction
We use [1] as a general reference.
Let G be a simple graph and P a graph property. A k-P coloring of G is a partition of its vertex set V (G) = V 1 ∪ V 2 · · · ∪ V k such that each induced subgraph G[V i ] is a graph with property P for 1 ≤ i ≤ k. For example, if P is the property of being a stable set, then we get the proper vertex coloring in the usual sense, and here we call it a k-stable coloring. If P is the property of being a tree, then we call the corresponding vertex coloring a k-tree coloring. Similarly we have k-forest coloring, k-linear forest coloring, etc. In this paper we mainly consider the k-tree coloring of G. The minimum k for which there is a k-tree coloring is called its tree coloring number and is denoted by tr(G).
We focus on plane graphs here and thus the notion of face is well-defined. A cycle that bounds a face is called a facial cycle. A plane triangulation is a plane graph such that each face is bounded by a triangle. An even plane triangulation is a plane triangulation such that all vertices have even degree.
In 1969 Barnette made the following well-known conjecture: Every 3-connected cubic planar bipartite graph is Hamiltonian. This conjecture is known to be equivalent to the following dual version: Every 3-connected even plane triangulation has a 2-tree coloring. The equivalence of these two conjectures was established in [6] . See [2] for more related work. Using 2-tree coloring the author [5] gave a different proof of the well-known result of Goodey [4] that every 3connected cubic planar bipartite graph is Hamiltonian if each facial cycle of the graph has 4 or 6 edges. There are more examples using the dual version for attacking Barnette's conjecture in a recent paper [3] .
We call a 3-connected even plane triangulation a Barnette triangulation. For convenience we call a graph G a B-graph if it is a smallest Barnette triangulation with tr(G) > 2.
Let C be a cycle in a plane triangulation G. If C has no inner chords and has exactly one inner bridge B, then B ∪ C is a configuration of G. By a configuration we mean a configuration of some plane triangulation. A configuration is reducible if it cannot be a configuration of a B-graph. We shall give a list of reducible configurations in Section 2. Let G be a simple connected graph and U ⊂ V (G) a stable set of G. It is interesting to know if there exists an induced tree T of G such that U ⊆ V (T ), we say that U is tree-extendable if such a tree exists, and call G U-extendable. Let G = G(X , Y ; E) be a 2-connected simple planar bipartite graph, and we are interested in whether G is X -extendable or Y -extendable. The
We call these three graphs G 1 , G 2 and G 3 compatible if G = G 1 ∪ G 2 ∪ G 3 is an even plane triangulation. It is well-known that a plane triangulation has a 3-stable coloring if and only if it is even. Therefore, from an even plane triangulation one can easily obtain three compatible bipartite graphs, and we call these graphs the compatible graphs derived from G. On the other hand, from a 2-connected bipartite planar graph, one can easily construct an even plane triangulation by inserting a new vertex into each face and joining this new vertex to all vertices on the related facial cycle. In Section 3 we are going to have a short discussion on this subject.
Reducible configurations
We call an edge small if both ends have degree 4. The following result is proved in [5] .
Lemma 1. If G is a B-graph, then G does not have a small edge.
Let e = ab be an edge of G, and u, v two common neighbors of a and b such that both abu and abv are faces of G. We say that u and v are associated to each other through e. We also call u an associate of v through e, and v an associate of u through e.
Let G be a B-graph. By Lemma 1, G has no small edge. Therefore, if x is a vertex of degree 2k, it can have at most k vertices of degree 4 in its neighbors. If it has exactly k vertices of degree 4 in its neighbors, then we call x a full degree 2k vertex.
Let S ⊂ V (G). We use G/S to denote the graph obtained from G by contracting the vertices in S into a single new vertex, and removing all possible loops and replacing all possible multiple edges with simple ones. From the definition the graph G/S is a simple one. Let y be a degree 4 vertex with neighbors u, v, w and x, arranged in clockwise order. We call y a good vertex if either G/{u, y, w} or G/{v, y, x} is also a Barnette triangulation. Let y be a full degree 8 vertex with neighbors a, b, c, d, e, f , g and h arranged in clockwise order such that b, d, f , h have degree 4. We also call y good if G/{a, b, c, d, e, f , g, h, y} is a Barnette graph.
Lemma 2. Let G be a B-graph and y a good vertex of G.
a connected graph of color 2 with a unique cycle uvwx. (b): The proof is very similar to the proof of (a) and we omit the details.
For convenience we call the 2-coloring in Lemma 2 a unique cycle coloring. Fig. 1 such that as follows: f (u) = f (y) = 1, f (k) = 2, and all other colors unchanged. In case (h), we adjust the coloring as follows:
Lemma 3. Let G be a B-graph and H a subgraph of G as shown in
and all other colors unchanged. In case (i) we can adjust the coloring as follows:
and all other colors unchanged. In case (j) we prove as follows. If f (A) = f (C) = 2, we can adjust the coloring as follows:
and all other colors unchanged. So we may assume the coloring is as shown in the figure. We then adjust the coloring as follows:
Extendable and non-extendable graphs
In a recent paper [5] we proved the following result:
Theorem 5. If G = (X, Y ; E) is a 2-connected bipartite outer planar graph, then G is strongly extendable.
It is natural to ask if there exists any non-extendable graph. To establish the existence we show the following lemma first. Lemma 6. If G = (X, Y ; E) is a bipartite graph with (a): |X| is even and (b): each vertex in Y has an odd degree, then G is not
Proof. Suppose there is an induced tree T such that V (T ) = X ∪ U where U ⊆ Y . Then |E(T )| = |X| + |U| − 1, and |E(T )| = ∑ y∈U d(y). Thus we have |X| − 1 = ∑ y∈U (d(y) − 1). This is impossible since the left hand side is odd and the right hand side is even.
Let C m be a cycle of order m and P n a path of order n, and C m × P n the Cartesian product of C m and P n . We have the following:
Proof. Since the graph G = C 2k × P 2 is a cubic bipartite graph with |X| = |Y | = 2k, G is neither X -extendable nor Yextendable.
Let H be a planar graph. From H we construct a bipartite planar graph H ′ homeomorphic to H by inserting a vertex on every edge of H. We have H ′ = (X, Y ; E) where X = V (H) and Y is the set of newly created vertices.
From Lemma 6 we easily obtain the following result.
Theorem 8. If H is a connected planar graph with all vertices of odd degrees and even number of edges, then H
Let G i = (X i , Y i ; E i ) be a 2-connected bipartite planar graph for i = 1, 2, and e i = x i y i ∈ E i . By identifying x 1 y 1 and x 2 y 2 we obtain a new 2-connected bipartite graph G = (X, Y ; E), and denote it by G 1 + G 2 . The following result can be easily verified.
Theorem 9. Let G = G 1 + G 2 . If G 1 is not X 1 -extendable and G 2 is not Y 2 -extendable, then G is non-extendable. If one of G 1 and G 2 is non-extendable, then G is non-extendable. In Fig. 3 , G 3 = C 4 × P 2 is non-extendable by Theorem 7, and by Theorem 8, G 1 and G 2 are not strongly extendable (one is only X -extendable and one is only Y -extendable). Then by Theorem 9 G 1 + G 2 and G 2 + G 3 are non-extendable.
It is proved in [5] that if any one of the three compatible graphs is X -extendable or Y -extendable, then G has a 2-tree coloring. One can check that the three compatible graphs derived from the graph G in Fig. 4 are non-extendable. Since G contains the reducible configuration (c) in our reducible list, it is not a B-graph. On the other hand, if G is a B-graph, then its derived compatible graphs must be non-extendable. Therefore the study of non-extendable compatible graphs will certainly shed more light on Barnette's conjecture.
